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Multi-Pair IRS-Aided Full-Duplex Relay Networks:
Rate Analysis and Beamforming Design
The Vi Nguyen, Thi My Tuyen Nguyen, Junsuk Oh, Wonjong Noh, and Sungrae Cho

Abstract—The intelligent reflecting surface (IRS) is a promis-
ing sixth-generation (6G) communication technology that can
improve the wireless communication capacity in a cost-effective
and energy-efficient manner by adjusting its passive reflectors
to change the signal propagation. In this study, we investigate
the multi-pair IRS-aided full-duplex relay (IFDR) network,
wherein the relay is equipped with massive antennas. First,
we determine the channel estimates of the cascaded channels
and corresponding channel statistics for the IFDR system using
the linear minimum mean square error (LMMSE) method.
Second, we derive a closed-form lower bound for the achievable
rate via maximum-ratio combining/transmission (MRC/MRT)
processing and the use-and-then-forget (UatF) technique. This
expression helps analyze the power scaling laws to provide better
insight into the performance gain achieved by the IFDR system.
Third, we propose an optimization algorithm to control the IRS
phase-shift matrix and maximize the sum spectral efficiency
using statistical channel knowledge. In particular, the problem
is formulated as a fractional matrix programming problem.
Subsequently, it is iteratively solved by using the majorization-
minimization (MM) and square penalty methods. This approach
can significantly reduce both the training and IRS configuration
overhead. Lastly, through experiments, the numerical results
show that the proposed control achieves better performance than
the benchmark schemes.

Index Terms—Full-duplex relay, beamforming design, intelli-
gent reflecting surface, multi-hop multi-pair transmission

I. INTRODUCTION

THE sixth-generation (6G) mobile communication net-
works are envisioned to enable global coverage, massive

connectivity, and diversified services [1]. These paradigms im-
pose stringent requirements, including extreme reliability, sub-
millisecond latency, and high energy and spectral efficiency.
Ensuring reliable and seamless connectivity to users at the
cell edge or in obstructed areas is challenging and necessitates
advanced techniques for coverage enhancement. Relaying sys-
tems and intelligent reflecting surfaces (IRSs) have emerged
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as potential solutions to this problem. Relaying can effectively
extend the network coverage via signal forwarding, whereas
IRS passively reconfigures the propagation environment to
enhance the signal strength and mitigate the blockage effects.
Relaying and IRS technologies both exhibit advantages and
limitations. Active relays, such as amplify-and-forward (AF)
and decode-and-forward (DF), can improve the achievable rate
and coverage via signal decoding, regeneration, and forward-
ing. However, they are hindered by high power consumption,
hardware complexity, and performance bottlenecks due to the
weaker hop in two-hop transmission. The performance can
be enhanced by increasing the number of relay antennas;
however, this leads to an increase in the radio frequency (RF)
chains and processing costs. In contrast, the IRS improves
system performance by passively reconfiguring the propaga-
tion environment with low power consumption and simple
hardware. Also, an IRS operates passively in full-duplex mode,
bypassing the self-interference inherent in active full-duplex
(FD) relays. However, it suffers from double path loss and
requires large reflecting arrays to match relay performance, in-
curring high channel estimation overhead, control complexity,
and circuit power consumption. These complementary features
motivate a hybrid IRS-relay architecture to balance spectral
efficiency, energy efficiency, and hardware complexity. In
this system, the relay can compensate for the double path
loss and channel state information (CSI) acquisition challenges
owing to its powerful signal processing capabilities. In addi-
tion, the IRS can enhance channel quality without excessive
power consumption and hardware complexity. Therefore, their
combination provides improved coverage and energy/spectral
efficiency when compared with the deployment of either tech-
nology alone. Recent research on IRS and FD relaying extends
toward advanced architectures, e.g., stacked intelligent meta-
surfaces for wave-domain processing [2], [3], and physical
layer security/covertness utilizing artificial noise [4], dynamic
antenna switching [5], and self-jamming energy harvesting [6].
While these paradigms represent promising extensions, this
study focuses specifically on integrating passive IRS into FD-
DF relay systems. Toward this end, we present recent studies
on the hybrid IRS–relay systems in the half-duplex (HD) and
FD relaying modes.

A. Related Work

1) IRS-Half Duplex Relaying: IRS-aided HD relaying sys-
tems have gained considerable attention in recent years. In HD
relaying, two orthogonal time slots are dedicated to a single
transmission. In [7], the authors proposed a hybrid IRS-HD
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relay system with DF operation for communication between a
single source-destination pair. Given the same achievable rate,
a hybrid system with a single-antenna relay requires fewer
IRS elements than an IRS-only system without compromising
the power cost. Moreover, the IRS-only system achieves
comparable performance for a large number of IRS elements
in the high signal-to-noise ratio (SNR) region. Regarding the
IRS deployment in the IRS-aided relay system, the studies
conducted in [8], [9] demonstrated that the system achieves
the best performance when the IRS is placed close to the relay.
In [10], the authors proposed joint and integrated IRS-aided
relay schemes. The results demonstrated that the joint scheme
exhibits better bit error rate performance than the integrated
scheme. The authors in [11] investigated the HD-DF relay
system with multiple IRSs, wherein the numbers of IRSs and
reflecting elements were jointly optimized to maximize the
net ergodic rate. A greater number of antennas were used at
the relay in the studies [12], [13]. They demonstrated that
the system performance can be further improved by jointly
optimizing beamforming at the IRS and the relay. However, as
transmission in the HD mode occurs over two phases, it results
in high end-to-end latency. In addition, the IRS phase shifts
must be optimized separately for each hop, which increases
the design complexity. Consequently, this may become a major
bottleneck in hybrid IRS–HD relay systems.

2) IRS-Full Duplex Relaying: Hybrid IRS-FD relaying has
been adopted in recent years, which enables simultaneous sig-
nal transmission and reception over the same frequency band.
The study in [14] demonstrated that IRS-aided FD relaying
significantly reduces transmit power compared with IRS-only
and relay-only systems by jointly optimizing beamforming at
the BS and the relay and IRS phase shifts. Furthermore, the
study in [15] demonstrated that the IRS can improve the rate
performance in an IRS-aided FD relay system, particularly
when the channels to users are weak, on average. The impact
of IRS deployment in the IRS-aided FD relay was analyzed
in [16], which reported that the signal-to-interference-plus-
noise ratio (SINR) with near-relay deployment scales with
the square of the number of IRS elements. However, FD re-
laying suffers from self-interference caused by signal leakage
from the transmit to the receive antennas. Unless sufficiently
suppressed, it can severely degrade the performance. With
advanced FD relay designs, integrating the IRS can further
enhance system performance while enabling low-latency and
cost-effective transmission.

B. Motivation, Contribution, and Organization

A major limitation of existing studies [9]–[16] is the as-
sumption of perfect and instantaneous CSI, which is difficult
to realize in practical IRS-aided relay systems. In particular,
pilot signaling is required to acquire IRS-related channels.
The training overhead increases with the number of reflect-
ing elements. Moreover, the IRS phase-shift configuration is
typically computed in a processing unit and then fed back
to the IRS controller, which presents a high communication
overhead and processing complexity. To address these chal-
lenges, [17] proposed a two-time-scale framework, in which

TABLE I
COMPARISON BETWEEN THIS WORK AND RELATED STUDIES

Ref. Duplex AF/DF Multi-ant. Comm. Imp. CSI Stat. CSI

[7] HD DF ✗ SP ✓ ✓

[8] HD DF ✗ SP ✗ ✓

[9] HD DF ✗ SP ✗ ✗

[10] HD DF ✗ SP ✗ ✗

[11] HD DF ✗ SU ✗ ✗

[12] HD DF ✓ SP ✗ ✗

[13] HD DF ✓ MU ✗ ✗

[14] HD/FD DF ✓ MU ✗ ✗

[15] FD DF ✗ SP ✗ ✗

[16] FD AF ✗ SU ✗ ✗

Ours FD DF ✓ MP ✓ ✓

SP = single-pair; MP = multi-pair; SU = BS - single-user; MU = BS - multi-user; Multi-
ant. = multi-antenna; Comm. = communication system; Imp. CSI = imperfect CSI; Stat.
CSI = statistical CSI.

IRS phase shifts are optimized based on statistical CSI in
the slow time scale and relay beamforming is optimized
based on instantaneous CSI in the fast time scale. While
this approach significantly reduces channel estimation and
signaling overhead, its application in IRS-aided FD relay
systems remains unexplored. In addition, most existing studies
[7]–[13] focused on the HD relay systems, which suffer from
a 1/2 pre-log spectral efficiency penalty and require separate,
complex IRS phase optimizations for each orthogonal time
slot. Furthermore, recent studies [15], [16] integrated IRSs
with FD relaying systems, which are restricted to single-
pair or single-user downlink scenarios, and bypass the critical
inter-user and inter-pair interference inherent in multi-user
networks. Additionally, simplified system models were widely
adopted, wherein either a single antenna [7]–[11], [15], [16] or
only a small number of relay antennas [12]–[14] was consid-
ered. To overcome these limitations, this study investigates an
IRS-aided FD-DF system considering multi-pair transmission,
massive relay antennas, imperfect CSI, and statistical CSI.
This joint framework presents three key challenges: 1) channel
estimation over cascaded double-fading links is intractable due
to non-Gaussian product distributions; 2) deriving closed-form
achievable rates based on statistical CSI is difficult owing to
multi-dimensional coupling among double-Rician paths, IRS
phase shifts, self-interference, and multi-pair interference; and
3) characterizing asymptotic power scaling laws with massive
relay antennas is non-trivial. Table I summarizes the key
features of the proposed scheme and those of the existing
studies. The main contributions of this study are summarized
as follows:

• First, we develop a linear minimum mean square error
(LMMSE) framework to estimate cascaded source-to-
relay and relay-to-destination channels. Unlike conven-
tional designs where training overhead scales with IRS
size, our aggregated channel estimation keeps pilot over-
head independent of IRS size, requiring only first- and
second-order statistics without explicit channel distribu-
tions.

• Second, we derive the closed-form lower bound for
the end-to-end achievable rate using the maximum-ratio
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Fig. 1. Multi-pair IRS-aided full-duplex relay (IFDR) system.

combining/transmission (MRC/MRT) processing, along
with the use-and-then-forget (UatF) technique.

• Third, we analyze the power scaling laws corresponding
to the number of receive/transmit antennas of the relay
and IRS elements. Under certain channel conditions,
this analysis demonstrates that as the number of relay
receive/transmit antennas M or IRS elements N is large,
the transmit power at the sources and relay scales propor-
tionally to 1/M or 1/N , respectively, while maintaining
the non-zero total spectral efficiency.

• Fourth, we develop an algorithm to maximize the sum
spectral efficiency with respect to the phase shift. The
problem can be reformulated as fractional matrix pro-
gramming. However, the reformulated problem is still
non-convex owing to the non-convex constraints. To
address this, we employ the majorization-minimization
(MM) and square penalty methods. As the design relies
on the slowly varying statistical CSI, the optimized phase
shifts can be applied once the channel statistics change.
This can significantly reduce both the training and IRS
configuration overhead.

• Finally, the simulation results demonstrate the superior-
ity of the proposed scheme over the benchmarks. The
proposed design outperforms the benchmarks in terms
of spectral efficiency, especially for a large number of
IRS elements, which also mitigates the loss caused by
strong self-interference. Moreover, the IRS demonstrates
its advantages in reducing transmit power and the number
of relay antennas in hybrid systems.

The remainder of this paper is organized as follows. In Section
II, we introduce the system model, channel estimation, and
precoding design of the relay. In Section III, we derive a
closed-form achievable rate, analyze the power scaling laws,
and optimize the IRS phase shifts. Sections IV and V present
the simulation results and conclusions, respectively.

II. SYSTEM MODEL

We consider an IRS-aided FD-DF relay system, as shown
in Fig. 1. In this system, we jointly deploy an FD-DF relay
and an IRS to enable communication between sources Sk and
their corresponding destinations Dk, ∀k ∈ K ≜ {1, ...,K},
where K denotes the number of source-destination pairs. All
sources and destinations are equipped with a single antenna,

the relay is equipped with M receive antennas and M transmit
antennas, and the IRS is equipped with N reflecting elements.
We assume that there is no direct link between the sources
and destinations owing to severe blockage and significant
distance. Moreover, the line-of-sight (LoS) components of
both the source-to-relay and relay-to-destination channels are
assumed to be obstructed by ground obstacles. In this sce-
nario, the IRS is deployed on a high-rise building, thereby
enabling it to maintain LoS links with the sources, relay,
and destinations. Thus, the IRS can effectively assist both
the source-to-relay and relay-to-destination transmissions. We
denote the reflection matrix Φ ≜ diag{ϕ1, ..., ϕN} ∈ CN×N ,
where ϕn ≜ ejθn and θn denotes the phase shift of the n-th
reflecting element. Let hSR,k ∈ CM×1 and hSI,k ∈ CN×1

denote the channel vectors from the k-th source to the relay’s
receive antenna array and from the k-th source to the IRS,
respectively. In addition, let HIR ∈ CM×N and HRI ∈ CN×M

denote the channel matrices from the IRS to the relay’s receive
antenna array and from the relay’s transmit antenna array
to the IRS, respectively. Furthermore, let hRD,k ∈ CM×1

and hID,k ∈ CN×1 denote the channel vectors from the
relay’s transmit antenna array to the k-th destination and from
the IRS to the k-th destination, respectively. The FD relay
suffers from self-interference, while the IRS avoids this issue
by operating without active RF chains. The self-interference
channel includes two components: the direct path from the
relay’s transmit antenna array to the relay’s receive antenna
array (represented by HRR ∈ CM×M ) and the reflected path
via the IRS (represented by HIRΦHRI).

A. Channel Model

Owing to the heavy blockage, channels hSR,k and hRD,k are
modeled via Rayleigh fading, whereas the remaining channels
are modeled via Rician fading with virtual LoS components
provided by the IRS. In particular, they are modeled as

hSR,k =
√
ηSR,kh̃SR,k, hRD,k =

√
ηRD,kh̃RD,k, (1)

hSI,k =
√
ηSI,k/(1 + εk)

(√
εkhSI,k + h̃SI,k

)
, (2)

hID,k =
√
ηID,k/(1 + ε̃k)

(√
ε̃khID,k + h̃ID,k

)
, (3)

HIR =
√
ηIR/(1 + δ)

(√
δHIR + H̃IR

)
, (4)

HRI =

√
ηRI/(1 + δ̃)

(√
δ̃HRI + H̃RI

)
, (5)

where the parameters ης,k and ης′ , for ς ∈ {SR,RD,SI, ID},
ς ′ ∈ {IR,RI}, represent the large-scale path loss factors, and
the parameters δ, δ̃, εk, and ε̃k represent the Rician factors.
In addition, hς,k and Hς′ denote the LoS components, while
h̃ς,k and H̃ς′ denote the non-line-of-sight (NLoS) components,
whose elements are independent and identically distributed
(i.i.d.) as CN (0, 1). The IRS comprises a uniform planar
array (UPA) with element spacing d = λ/2, where λ denotes
the carrier wavelength. In addition, there are Nv and Nh

elements along the vertical and horizontal axes, respectively.
Thus, N = NvNh. The LoS components can be modeled as
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follows. The array response vector for the IRS is given by [18]

aI (φ, ϑ) = avI (φ, ϑ)⊗ ahI (φ, ϑ) ∈ CN×1, (6)

where φ and ϑ denote the azimuth and elevation angles,
respectively, of the arrival/departure signals at the IRS,
avI (φ, ϑ) ∈ CNv×1 and ahI (φ, ϑ) ∈ CNh×1 denote the array
response vectors along the vertical and horizontal directions,
respectively. Each element of these vectors is given by

[avI (φ, ϑ)]n1
= e−jπ(n1−1) sin(ϑ), n1 ∈ {1, ..., Nv}[

ahI (φ, ϑ)
]
n2

= e−jπ(n2−1) sin(φ) cos(ϑ), n2 ∈ {1, ..., Nh}.

The relay’s transmit and receive antenna arrays are uniform
linear arrays with antenna spacing d. The array response vector
for each relay’s antenna array is given by [18]

aR (φ, ϑ) =
[
1, e−jπ sin(ϑ), ..., e−jπ(M−1) sin(ϑ)

]
. (7)

Applying the steering vectors in (6) and (7) yields

hSI,k = aI
(
φAoA
I,k , ϑAoA

I,k

)
, hID,k = aI

(
φAoD
I,k , ϑAoD

I,k

)
,

HIR = aR
(
φAoA
R , ϑAoA

R

)
aI

(
φAoD
I , ϑAoD

I

)H
,

HRI = aI
(
φAoA
I , ϑAoA

I

)
aR

(
φAoD
R , ϑAoD

R

)H
,

where (φAoA
I,k , ϑAoA

I,k ) and (φAoD
I,k , ϑAoD

I,k ) denote the azimuth
and elevation angles of arrival (AoA) from the k-th source
to the IRS and angles of departure (AoD) from the IRS to
the k-th destination, respectively. In addition, (φAoA

R , ϑAoA
R )

and (φAoD
I , ϑAoD

I ) denote the azimuth and elevation AoA and
AoD from the IRS to the relay’s receive antenna array, respec-
tively. Similarly, (φAoA

I , ϑAoA
I ) and (φAoD

R , ϑAoD
R ) denote the

azimuth and elevation AoA and AoD, respectively, from the
relay’s transmit antenna array to the IRS. For ease of notation,
we denote aR ≜ aR

(
φAoA
R , ϑAoA

R

)
and aI ≜ aI(φ

AoD
I , ϑAoD

I ),
ãR ≜ aR

(
φAoD
R , ϑAoD

R

)
, and ãI ≜ aI(φ

AoA
I , ϑAoA

I ). We
define the effective channels, including the IRS-reflected paths

gSR,k ≜ hSR,k +HIRΦhSI,k ∈ CM×1, (8)

GRR ≜ HRR +HIRΦHRI ∈ CM×M , (9)

gTRD,k ≜ hTRD,k + hTID,kΦHRI ∈ C1×M , (10)

where the channels gSR,k and gTRD,k represent the effective
channels from the k-th source to the relay’s receive antenna
array and from the relay’s transmit antenna array to the k-th
destination, respectively. In addition, GRR represents the self-
interference channel at the relay, including the direct path from
the relay’s transmit antenna array to the relay’s receive antenna
array and the reflected path via the IRS. Substituting (1)-(5)
into (8) and (10), the effective channels gSR,k and gRD,k are
expanded as

gSR,k =
√
ckδεkHIRΦhSI,k︸ ︷︷ ︸

q
(1)
SR,k

+
√
ckδHIRΦh̃SI,k︸ ︷︷ ︸

q
(2)
SR,k

+
√
ckεkH̃IRΦhSI,k︸ ︷︷ ︸

q
(3)
SR,k

+
√
ckH̃IRΦh̃SI,k︸ ︷︷ ︸

q
(4)
SR,k

+
√
ηSR,kh̃SR,k︸ ︷︷ ︸

dSR,k

,

(11)

gRD,k =

√
c̃k δ̃ε̃kH

T

RIΦ
ThID,k︸ ︷︷ ︸

q
(1)
RD,k

+

√
c̃k δ̃H

T

RIΦ
T h̃ID,k︸ ︷︷ ︸

q
(2)
RD,k

+
√

c̃kε̃kH̃
T
RIΦ

ThID,k︸ ︷︷ ︸
q
(3)
RD,k

+
√

c̃kH̃
T
RIΦ

T h̃ID,k︸ ︷︷ ︸
q
(4)
RD,k

+
√
ηRD,kh̃RD,k︸ ︷︷ ︸

dRD,k

,

(12)

where ck ≜ ηIRηSI,k
(1+δ)(1+εk)

and c̃k ≜ ηRIηID,k

(1+δ̃)(1+ε̃k)
.

B. Channel Estimation

Following the two-timescale framework [17], the IRS phase
shifts are optimized using statistical CSI once per frame and
held fixed over multiple coherence blocks. In each block, the
relay estimates the channels gSR,k and gRD,k using the pilot
signals. Let τ symbols be used for channel estimation, and the
remaining part is used for data transmission. During the train-
ing interval, all the sources and destinations simultaneously
transmit their pilot sequences of τ symbols to the relay. In
particular, let√τpplS,k ∈ C1×τ and√τpplD,k ∈ C1×τ denote
the pilot sequences transmitted from the k-th source and k-
th destination, respectively, where pp represents the transmit
power for each pilot symbol. Then, LS ≜ [lS,1, ..., lS,K ]

T ∈
CK×τ and LD ≜ [lD,1, ..., lD,K ]

T ∈ CK×τ . We assume
that all the pilot sequences are orthogonal, i.e., LSL

H
S =

IK ,LDL
H
D = IK , and LSL

H
D = 0K , which requires τ ≥ 2K.

The received signal matrices at the relay’s receive and transmit
antenna arrays are given by

Yrp =
√
τpp

K∑
k=1

gSR,klS,k +
√
τppH̆RDLD +Nrp ∈ CM×τ ,

Ytp =
√
τppH̆SRLS +

√
τpp

K∑
k=1

gRD,klD,k +Ntp ∈ CM×τ ,

where H̆RD ∈ CM×K and H̆SR ∈ CM×K denote the channel
matrices from the destinations to the relay’s receive antenna
array and from the sources to the relay’s transmit antenna
array, respectively. In addition, Nrp and Ntp denote the addi-
tive white Gaussian noise (AWGN) matrices whose elements
are i.i.d. and distributed as CN (0, σ2). During training, the
relay’s transmit antenna array is temporarily set to receive
mode to observe destinations’ pilot signal, following stan-
dard full-duplex practice [19]. Although the relay’s antenna
arrays observe superimposed pilot signals from sources and
destinations, the desired channels are isolated by exploiting
the mutual orthogonality of pilot sequences. In particular,

1√
τpp

Yrp and 1√
τpp

Ytp are projected onto lS,k and lD,k to
obtain the following observations for the k-th source’s and
k-th destination’s signals, respectively,

ỹrp,k =
(
1/
√
τpp

)
Yrpl

H
S,k = gSR,k +Nrp,k, (13)

ỹtp,k =
(
1/
√
τpp

)
Ytpl

H
D,k = gRD,k +Ntp,k, (14)

where Nrp,k ≜ 1√
τpp

Nrpl
H
S,k ∼ CN

(
0, σ

2

τpp
IM

)
and

Ntp,k ≜ 1√
τpp

Ntpl
H
D,k ∼ CN

(
0, σ

2

τpp
IM

)
. We employ the

LMMSE method for channel estimation [20] (Sec. 12.3, pp.
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380).1 The LMMSE estimator is formed as a linear function
of observations, where the weighting coefficients are selected
to minimize the mean square error (MSE). Using the LMMSE
estimator with the observations in (13) and (14), we obtain the
channel estimates of the effective channels gSR,k and gRD,k,
denoted as ĝSR,k and ĝRD,k, respectively. Based on [17], we
specify the channel estimates in the following proposition.

Proposition 1. (i) The channel estimate of the effective chan-
nel gSR,k is given by

ĝSR,k =√
ckδεkHIRΦhSI,k︸ ︷︷ ︸

q̂
(1)
SR,k

+(Mak,3 + ak,4)
√
ckδHIRΦh̃SI,k︸ ︷︷ ︸

q̂
(2)
SR,k

+
√
ckεkASR,kH̃IRΦhSI,k︸ ︷︷ ︸

q̂
(3)
SR,k

+
√
ckASR,kH̃IRΦh̃SI,k︸ ︷︷ ︸

q̂
(4)
SR,k

+ASR,kdSR,k +ASR,kNrp,k, (15)

where

ASR,k = ak,3aRa
H
R + ak,4IM , (16)

ak,1 = Nckδ, ak,2 = Nck (εk + 1) + ηSR,k, (17)

ak,3 =
ak,1

σ2

τpp(
ak,2 +

σ2

τpp

)(
ak,2 +

σ2

τpp
+Mak,1

) , (18)

ak,4 =
ak,2

ak,2 +
σ2

τpp

. (19)

(ii) The channel estimate of the effective channel gRD,k is
given by

ĝRD,k =√
c̃k δ̃ε̃kH

T

RIΦ
ThID,k︸ ︷︷ ︸

q̂
(1)
RD,k

+(Mãk,3 + ãk,4)

√
c̃k δ̃H

T

RIΦ
T h̃ID,k︸ ︷︷ ︸

q̂
(2)
RD,k

+
√
c̃kε̃kARD,kH̃

T
RIΦ

ThID,k︸ ︷︷ ︸
q̂
(3)
RD,k

+
√

c̃kARD,kH̃
T
RIΦ

T h̃ID,k︸ ︷︷ ︸
q̂
(4)
RD,k

+ARD,kdRD,k +ARD,kNtp,k, (20)

where

ARD,k = ãk,3ã
∗
Rã

T
R + ãk,4IM , (21)

ãk,1 = Nc̃k δ̃, ãk,2 = Nc̃k (ε̃k + 1) + ηRD,k, (22)

ãk,3 =
ãk,1

σ2

τpp(
ãk,2 +

σ2

τpp

)(
ãk,2 +

σ2

τpp
+Mãk,1

) , (23)

ãk,4 =
ãk,2

ãk,2 +
σ2

τpp

. (24)

Proof. Please see Appendix A.

Let eSR,k and eRD,k denote the estimation errors of gSR,k

and gRD,k. Thus, gSR,k = ĝSR,k + eSR,k, gRD,k = ĝRD,k +

1LMMSE is practical as it relies on the first- and second-order statistics,
which facilitates the closed-form channel estimates. While we adopt standard
LMMSE, exploring promising deep learning-based schemes (e.g., [21]) with
lower overhead and higher accuracy is left for future work.

eRD,k. According to [17], the estimated channel vectors and
estimation error vectors are uncorrelated, E{eSR,k} = 0,
and E{eRD,k} = 0. Let MSESR,k ≜ E{eSR,keHSR,k} and
MSERD,k ≜ E{eRD,ke

H
RD,k} denote the MSE matrix of the

estimation errors eSR,k and eRD,k, respectively The explicit
expression of normalized MSE (NMSE) value is given by the
following proposition.

Proposition 2. (i) The NMSE value of the estimate gSR,k is
given by:

NMSESR,k =
Tr(MSESR,k)

Tr(Cov{gSR,k,gSR,k})

=

σ2

τpp

(
Mak,1ak,2 + a2k,2 + (ak,1 + ak,2)

σ2

τpp

)
(
ak,2 +

σ2

τpp

)(
ak,2 +

σ2

τpp
+Mak,1

)
(ak,1 + ak,2)

.

(25)

(ii) The NMSE value of the estimate of gRD,k is given by:

NMSERD,k =
Tr(MSERD,k)

Tr(Cov{gRD,k,gRD,k})

=

σ2

τpp

(
Mãk,1ãk,2 + ã2k,2 + (ãk,1 + ãk,2)

σ2

τpp

)
(
ãk,2 +

σ2

τpp

)(
ãk,2 +

σ2

τpp
+Mãk,1

)
(ãk,1 + ãk,2)

.

(26)

Proof. Please see Appendix B.

Based on Proposition 2, we investigate the influence of the
large number of IRS elements on the NMSE metric, as shown
in the following proposition.

Proposition 3. (i) For the SR link, as N →∞, we have

lim
N→∞

NMSESR,k = 0, lim
σ2

τpp
→∞

NMSESR,k = 1,

lim
σ2

τpp
→0

NMSESR,k = 0. (27)

For pp =
Ep

N , where Ep is a constant

lim
N→∞

NMSESR,k < 1. (28)

(ii) For the RD link, as N →∞, we have

lim
N→∞

NMSERD,k = 0, lim
σ2

τpp
→∞

NMSERD,k = 1,

lim
σ2

τpp
→0

NMSERD,k = 0. (29)

For pp =
Ep

N , where Ep is a constant

lim
N→∞

NMSERD,k < 1. (30)

Proof. Please see the Appendix C.

Proposition 3 yields several key insights. First, as N →∞,
the NMSE approaches zero. This is because a larger number
of IRS elements yields a larger effective channel gain, which
increases the pilot power received at the relay. For a fixed
noise power, this leads to a higher effective pilot SNR and



IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. XX, NO. XX, XXXX 6

hence more accurate channel estimation. Second, in high and
low pilot SNR regimes, the NMSE converges to 0 (perfect
estimation) and 1 (failed estimation), respectively. Finally, with
pp =

Ep

N , the pilot power can be reduced proportionally to 1/N
while the NMSE converges to a constant strictly less than 1.
Remark 1. In this study, we assume spatially uncorrelated
channels, while the spatial correlation among IRS elements can
improve channel estimation accuracy [17]. Due to the passive,
unitary phase shift matrix, the estimation NMSE in (25) and
(26) do not depend on IRS configuration. Therefore, IRS phase
shifts cannot be optimized to enhance channel estimation.
Considering spatial correlation is deferred to future work.

C. Data Transmission

All the sources Sk transmit their signals
√
pSxk(t) to

the relay and IRS at the time instance t, where pS and
xk denote the transmit power and the transmitted signal of
Sk, respectively. Meanwhile, the relay transmits

√
pRxR(t)

to all the destinations at time instance t, where pR and
xR ∈ CM×1 denote the transmit power and transmitted signal
at the relay, respectively. We assume that E{|xk(t)|2} = 1 and
E{∥xR(t)∥2} = 1 [19]. Thus, the received signals at the relay
and at each destination k are given by

yR(t) =
√
pSGSRx(t) +

√
pRGRRxR(t) + zR(t), (31)

yk(t) =
√
pRg

T
RD,kxR(t)

+
√
pSh

T
ID,kΦHSIx(t) + nk(t), ∀k ∈ K (32)

where x(t) ≜ [x1(t), ..., xK(t)]T ∈ CK×1 is the vector
of the transmitted signal from all the sources; GSR ≜
[gSR,1, ...,gSR,K ] ∈ CM×K and HSI ≜ [hSI,1, ...,hSI,K ] ∈
CN×K . In addition, zR(t) ∼ CN (0, σ2

RIM ) and nk ∼
CN (0, σ2

D) denote the AWGN at the relay and at the k-th
destination, respectively. The second term in (32) represents
the signal reflected from all the sources to the k-th desti-
nation via the IRS. We denote G̃RR = GRR − ĜRR as
the residual self-interference channel matrix after active self-
interference cancellation, where ĜRR is the estimate of the
channel GRR. Thus, the residual self-interference vector at
time t is given by zRR(t) = G̃RRxR(t), where E{zRR(t)} =
0,E{zRR(t)z

H
RR(t)} = σ2

RRIM . We characterize zRR(t) only
through its first- and second-order statistics. The parameter
σ2
RR can be understood as the post-cancellation residual level,

which is a given hardware-determined system parameter [15],
[16]. Thus, after the active self-interference cancellation, the
received signal (31) is rewritten as

yR(t) =
√
pSGSRx(t) +

√
pRzRR(t) + zR(t). (33)

Remark 2. Standard self-interference cancellation techniques
remain effective in our system for the following reasons.
Although IRS reflections can potentially exacerbate self-
interference, existing FD relays effectively suppress self-
interference down to near the noise floor using multi-stage
cancellation [22]. Furthermore, since Φ is optimized on a slow
time scale based on statistical CSI, adaptive SIC readily tracks
the composite channel GRR. In addition, as a passive device,

the IRS introduces no non-linear distortion, ensuring that the
residual self-interference power is determined by hardware
imperfections. Finally, our framework explicitly optimizes Φ
to enhance the desired signal power rather than constructively
amplifying self-interference.

Based on the channel estimates, a linear receiver at the relay
is used to decode the received signal. Simultaneously, a linear
precoder is used to forward the signals to their destinations.
In particular, the received signal yR(t) in (33) is separated
into K streams by multiplying it by a matrix WT ∈ CK×M

(depending on the channel estimates), as follows:

r(t) = WTyR(t)

=
√
pSW

TGSRx(t) +
√
pRW

T zRR(t) +WT zR(t).

The k-th stream used to decode the transmitted signal of Sk,
i.e., the k-th element of the vector r(t), is given as follows:

rk(t) =
√
pSw

T
k gSR,kxk(t)︸ ︷︷ ︸

Desired signal

+
√
pS

∑
i̸=k

wT
k gSR,ixi(t)︸ ︷︷ ︸

Multi-pair interference

+
√
pRw

T
k zRR(t)︸ ︷︷ ︸

Residual self-interference

+wT
k zR(t)︸ ︷︷ ︸
Noise

, (34)

where wk denotes the k-th column of W. Once the transmit-
ted signals from all the sources are detected, they are precoded
by using a linear precoding scheme. The relay broadcasts the
signal x(t − d) to the destinations owing to the processing
delay, where d denotes the processing delay [19]. Assuming
correct decoding at the relay (see Remark 3), the transmit
vector at the relay is expressed as follows:

xR(t) = Vx(t− d), (35)

where V = [v1, ...,vK ] ∈ CM×K denotes a linear precoding
matrix that depends on the channel estimates. Subsequently,
substituting (35) into (32) yields

yk(t) =
√
pRg

T
RD,kvkxk(t− d) +

√
pR

∑
i̸=k

gTRD,kvixi(t− d)

+
√
pSh

T
ID,kΦHSIx(t) + nk(t). (36)

In (36), the received signal comprises the interference intended
for other destinations (second term) and the interference re-
flected from the source via the IRS (third term). Here, xk(t−d)
denotes the signal of interest at the destination Dk, whereas
xk(t) is considered as interference [15].

Remark 3. The relay signal model in (35) follows the standard
DF widely adopted in the literature [19]. We characterize per-
formance via the information-theoretic achievable rate, which
assumes capacity-achieving codes that guarantee reliable com-
munication as long as the rate does not exceed capacity.
Explicitly modeling the outage or block error probability under
imperfect decoding is left for future work.
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D. Relay Precoding Design

We employ MRC/MRT processing at the relay, where
MRC is used for reception and MRT for forwarding [19].2

Accordingly, based on the estimated CSI, the MRC matrix W
and MRT matrix V are given by

WT ≜ ĜH
SR, V ≜ ρĜ∗

RD, (37)

where ĜSR = [ĝSR,1, ..., ĝSR,K ] ∈ CM×K , ĜRD =
[ĝRD,1, ..., ĝRD,K ] ∈ CM×K , and ρ denotes the normalization
coefficient that satisfies the long-term total transmit power
constraint at the relay [19],

E{∥xR(t)∥2} = 1. (38)

The value of ρ is obtained as follows:

E{∥xR(t)∥2} = E{∥Vx(t− d)∥2} (a)
= E

{
Tr

(
VHV

)}
(b)
= ρ2E

{
Tr

(
ĜT

RDĜ
∗
RD

)}
, (39)

where (a) holds because the elements of x(t−d) are i.i.d. with
unit variance and x(t− d) is independent of ĜRD, and (b) is
obtained using (37). Therefore, to satisfy (38), ρ is given by

ρ =

√
1
/
E
{
Tr

(
ĜT

RDĜ
∗
RD

)}
.

III. PERFORMANCE ANALYSIS

A. Achievable Rate Analysis

The end-to-end achievable rate of the transmission link Sk
to Dk through the IRS and relay is limited by the bottleneck
hop. Therefore, the achievable rate is

Rk = min{RSR,k,RRD,k}, (43)

where RSR,k and RRD,k represent the achievable rates in the
first and second hops, respectively. To determine these rates,
we adopt the use-and-then-forget (UatF) approach for the sys-
tem with a large number of antennas to derive a lower bound
for the achievable rate [23]. The underlying idea involves using
the channel estimates only for the MRC/MRT schemes and
then forgetting these estimates during the signal detection.
The main advantages of this approach are as follows: (i) it
provides an insightful closed-form expression that serves as
a lower bound on the rate achievable in practice, and (ii)
it does not require the acquisition of instantaneous CSI at
the destination. First, we compute RSR,k by rewriting the

2Although ZF and MMSE processing suppress inter-pair interference more
effectively, we adopt MRC/MRT because it avoids complex matrix inversions
involving the coupled IRS channel, which enables closed-form derivations of
the achievable rate. Moreover, MRC/MRT has low complexity and is widely
adopted in massive MIMO relaying [19] and two-timescale IRS designs [17].
Analyzing ZF/MMSE processing in IRS-aided networks is left for future work.

DSSR,k ≜ pS

∣∣∣E{wT
k gSR,k

}∣∣∣2 = pS
(
α
(1)
k |fk(Φ)|2 + α

(2)
k

)2
, α

(1)
k ≜ Mckδεk, α

(2)
k ≜ M [Nckδek,2 + (Nck(εk + 1) + ηSR,k) ek,1]

(40)

LSSR,k ≜ pSVar
{
wT

k gSR,k

}
= pS

(
β
(1)
k |fk(Φ)|2 + β

(2)
k

)
, (41)

β
(1)
k ≜ Mc2kδεk

[
N (Mδ + εk + 1)

(
(ek,2)

2 + 1
)
+ 2 (Mek,1 + ek,2) (ek,2 + 1)

]
+Mckδεk

[
ηSR,k +

(
ηSR,k +

σ2

τpp

)
(ek,2)

2

]
,

β
(2)
k ≜ M2N2c2kδ

2 (ek,2)
2 +MN2c2k

[
2δ(εk + 1) (ek,2)

2 + (εk + 1)2ek,3
]
+M2Nc2k

[
(2εk + 1) (ek,1)

2 + 2δek,1ek,2
]

+MNck

[
ck
(
2δ (ek,2)

2 + (2εk + 1)ek,3
)
+

(
2ηSR,k +

σ2

τpp

)(
δ (ek,2)

2 + (εk + 1)ek,3
) ]

+MηSR,k

(
ηSR,k +

σ2

τpp

)
ek,3

MPSR,k ≜ pS
∑
i ̸=k

E
{
|wT

k gSR,i|2
}

= pS
∑
i ̸=k

(
γ
(1)
k,i |fk(Φ)|2 + γ

(2)
k,i |fi(Φ)|2 + γ

(3)
k,i |fk(Φ)|2 |fi(Φ)|2 + γ

(4)
k,iℜ

{
fH
k (Φ)fi(Φ)h

H
SI,ihSI,k

}
+ γ

(5)
k,i

)
, (42)

γ
(1)
k,i ≜ Mckδεk [ci (MNδ +Nεi +N + 2Mek,1) + ηSR,i] ,

γ
(2)
k,i ≜ Mciδεi

[
ckek,2 (MNδek,2 +Nεkek,2 +Nek,2 + 2Mek,1) +

(
ηSR,k +

σ2

τpp

)
(ek,2)

2

]
,

γ
(3)
k,i ≜ M2ckciδ

2εkεi, γ
(4)
k,i ≜ 2M2ckciεkεiek,1δ,

γ
(5)
k,i ≜ M2N2ckciδ

2 (ek,2)
2 +MN2ckci

[
δ (εk + εi + 2) (ek,2)

2 + (εk + 1)(εi + 1)ek,3
]
+M2Nckciek,1 [(εk + εi + 1)ek,1 + 2δek,2]

+M2ckciεkεi(ek,1)
2|hH

SI,khSI,i|2 +MN

{(
ηSR,k +

σ2

τpp

)
ci
[
δ (ek,2)

2 + (εi + 1)ek,3
]
+ ηSR,ick

[
δ (ek,2)

2 + (εk + 1)ek,3
]}

+MηSR,i

(
ηSR,k +

σ2

τpp

)
ek,3



IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. XX, NO. XX, XXXX 8

received signal at the relay in (34) by adding and subtracting√
pSE

{
wT
k gSR,k

}
xk(t)

rk(t) =
√
pSE

{
wT
k gSR,k

}
xk(t)︸ ︷︷ ︸

Desired signal over average channel

+
√
pS

(
wT
k gSR,k − E

{
wT
k gSR,k

})
xk(t)︸ ︷︷ ︸

Signal leakage

+
√
pS

∑
i̸=k

wT
k gSR,ixi(t)︸ ︷︷ ︸

Multi-pair interference

+
√
pRw

T
k zRR(t)︸ ︷︷ ︸

Self-interference

+wT
k zR(t)︸ ︷︷ ︸
Noise

.

(44)

Here,
√
pSE

{
wT
k gSR,k

}
xk(t) is considered as the true de-

signed signal, which is used for signal detection. In addition,√
pS

(
wT
k gSR,k − E

{
wT
k gSR,k

})
xk(t) can be considered as

uncorrelated noise. This makes sense when there is substantial
channel hardening, i.e., when the channel state fluctuates
slightly around its mean and, therefore, the deviation is small.
In (44), we observe that the first term (i.e., desired signal)
and the sum of the remaining terms (i.e., effective noise)
are uncorrelated. Therefore, by applying the classical result
that independent Gaussian noise is the worst-case among all
uncorrelated noise for a given variance [19], the achievable
rate for the first hop is given in Theorem 1.3 The achievable
rate for the second hop (i.e., RRD,k) is computed similarly.

Theorem 1. (i) The achievable rate for the SR link is given
by

RSR,k = log2(1 + SINRSR,k),

SINRSR,k =
DSSR,k

LSSR,k +MPSR,k + SISR,k +ANSR,k
, (49)

where DSSR,k,LSSR,k,MPSR,k,SISR,k, and ANSR,k repre-
sent the desired signal, leakage signal, multi-pair inter-
ference, self-interference, and additive noise, respectively.
Particularly, the first three terms are given in (40), (41),
and (42). In addition, the last two terms are given as
SISR,k ≜ pRσ

2
RRE

{
∥wT

k ∥2
}
,ANSR,k ≜ σ2

RE
{
∥wT

k ∥2
}

,
where E

{
∥wT

k ∥2
}

=
∣∣E{

wT
k gSR,k

}∣∣. Moreover, we denote
fk(Φ) ≜ aHI ΦhSI,k, ek,1 ≜ ak,3+ak,4, ek,2 ≜ Mak,3+ak,4,
and ek,3 ≜ M (ak,3)

2
+ 2ak,3ak,4 + (ak,4)

2.
(ii) The achievable rate for RD link is given by

RRD,k = log2(1 + SINRRD,k),

SINRRD,k =
DSRD,k

LSRD,k +MPRD,k +RIRD,k + σ2
D

, (50)

where DSRD,k,LSRD,k,MPRD,k, and RIRD,k represent the
desired signal, leakage signal, multi-pair interference, and
reflection interference, respectively. Particularly, these terms
are given in (45), (46), (47), and (48), with f̃k(Φ) ≜

h
T

ID,kΦãI, ẽk,1 ≜ ãk,3 + ãk,4, ẽk,2 ≜ Mãk,3 + ãk,4, and
ẽk,3 ≜ M (ãk,3)

2
+ 2ãk,3ãk,4 + (ãk,4)

2.

Proof. Please see Appendix D.

3The achievable rate remains a valid achievable-rate lower bound regardless
of whether the actual effective noise is Gaussian. Any non-Gaussian distur-
bance from imperfect relay decoding only loosens the bound relative to the
exact mutual information, without compromising its mathematical validity.

The achievable rate in (43) is rewritten as follows:

Rk = log2 (1 + min {SINRSR,k,SINRRD,k}) , (51)

where the equality follows because the function log2(1 + x)
is monotonically increasing for x ≥ 0; thus, the minimum
operator can be moved inside the logarithm. The sum spectral
efficiency (SSE) is defined as the sum rate per channel use.
During the coherence interval T (symbols), τ symbols are
used for channel estimation, and the remaining symbols are
used for data transmission. Therefore, SSE is given by

SSE =
T − τ

T

K∑
k=1

Rk. (52)

In (51), the relay and destinations decode the desired signals
based only on the statistical information of the effective
channel gains4, i.e., E{wT

k gSR,k} and E{gTRD,kvk}. Hence, no
instantaneous CSI is required at the destinations. To verify how
accurately (51) reflects the actual performance, we compare it
with the ergodic achievable rate of a genie-aided receiver [19],
wherein the relay and the destination Dk perfectly know
wT
k gSR,l and gTRD,kvl, ∀l ∈ {1, ...,K}, respectively. The

ergodic achievable rate is given by

R̃k = min
{
R̃SR,k, R̃RD,k

}
, (53)

where R̃SR,k, R̃RD,k are shown in (54) and (55) at the bottom
of this page. In the simulation part, we will show that the
performance gap between the achievable rate achieved by (51)
and (53) is small.

B. Power Scaling Law Analysis

We analyze the power scaling laws under specific channel
scenarios to determine the power savings when a very large
number of relay antennas and IRS elements are employed.
First, we analyze the power scaling laws under a large number
of relay antennas M . We assume that pp is fixed, pS = ES

M ,
and pR = ER

M , where ES and ER are fixed and independent
of M .

Proposition 4. When δ = 0 and δ̃ = 0, the channels between
the IRS and relay are Rayleigh distributed. As M → ∞, the
SSE is given by

SSE −→T − τ

T

K∑
k=1

log2 (1 + min {SINRSR,k,SINRRD,k}) ,

where SINRSR,k and SINRRD,k are given in (56) and (57),
respectively, as shown at the bottom of this page.

Proof. We first substitute δ = 0, pS = ES

M , δ̃ = 0, and pR =
ER

M into Theorem 1. Then, the limit of the SSE can be obtained
by keeping all non-zero terms as M → ∞. Note that for
the first hop, at the limit, ek,1 = ek,2 =

ak,2

ak,2+
σ2

τpp

, where

4In practical deployments, the statistical information, e.g., users’ location
and angles of arrival/departure, can be obtained. For instance, the statistical
information of the IRS links can be estimated by deploying dedicated
sensors/receiving circuits integrated into the IRS together with standard mean
and covariance matrix estimation methods in [24].
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ak,2 = Nck (εk + 1) + ηSR,k. For the second hop, ẽk,1 =

ẽk,2 =
ãk,2

ãk,2+
σ2

τpp

, where ãk,2 = Nc̃k (ε̃k + 1) + ηRD,k.
This proposition provides notable insights: (i) When the

channels between the IRS and relay follow Rayleigh fading,
the SSE converges to a nonzero limit as M →∞. This means

DSRD,k ≜ pR

∣∣∣E{gT
RD,kvk

}∣∣∣2 = pRρ
2

(
α̃
(1)
k

∣∣∣f̃k(Φ)
∣∣∣2 + α̃

(2)
k

)2

,

α̃
(1)
k ≜ Mc̃k δ̃ε̃k, α̃

(2)
k ≜ M

[
Nc̃k δ̃ẽk,2 + (Nc̃k(ε̃k + 1) + ηRD,k) ẽk,1

]
, ρ2 = 1

/ K∑
l=1

(
α̃
(1)
l |f̃l(Φ)|2 + α̃

(2)
l

)
(45)

LSRD,k ≜ pRVar
{
gT
RD,kvk

}
= pRρ

2

(
β̃
(1)
k

∣∣∣f̃k(Φ)
∣∣∣2 + β̃

(2)
k

)
, (46)

β̃
(1)
k ≜ Mc̃2k δ̃ε̃k

[
N
(
Mδ̃ + ε̃k + 1

) (
(ẽk,2)

2 + 1
)
+ 2 (Mẽk,1 + ẽk,2) (ẽk,2 + 1)

]
+Mc̃k δ̃ε̃k

[
ηRD,k +

(
ηRD,k +

σ2

τpp

)
(ẽk,2)

2

]
,

β̃
(2)
k ≜ M2N2c̃2k δ̃

2 (ẽk,2)
2 +MN2c̃2k

[
2δ̃(ε̃k + 1) (ẽk,2)

2 + (ε̃k + 1)2 ẽk,3
]
+M2Nc̃2k

[
(2ε̃k + 1) (ẽk,1)

2 + 2δ̃ẽk,1ẽk,2
]

+MNc̃k

[
c̃k
(
2δ̃ (ẽk,2)

2 + (2ε̃k + 1) ẽk,3
)
+

(
2ηRD,k +

σ2

τpp

)(
δ̃ (ẽk,2)

2 + (ε̃k + 1) ẽk,3
)]

+MηRD,k

(
ηRD,k +

σ2

τpp

)
ẽk,3

MPRD,k ≜ pR
∑
i ̸=k

E
{
|gT

RD,kvi|2
}

= pRρ
2
∑
i ̸=k

(
γ̃
(1)
k,i

∣∣∣f̃i(Φ)
∣∣∣2 + γ̃

(2)
k,i

∣∣∣f̃k(Φ)
∣∣∣2 + γ̃

(3)
k,i

∣∣∣f̃i(Φ)
∣∣∣2 ∣∣∣f̃k(Φ)

∣∣∣2 + γ̃
(4)
k,iℜ

{
f̃k(Φ)f̃H

i (Φ)h
T
ID,ih

∗
ID,k

}
+ γ̃

(5)
k,i

)
, (47)

γ̃
(1)
k,i ≜ Mc̃iδ̃ε̃i

[
c̃k
(
MNδ̃ +Nε̃k +N + 2Mẽi,1

)
+ ηRD,k

]
,

γ̃
(2)
k,i ≜ Mc̃k δ̃ε̃k

[
c̃iẽi,2

(
MNδ̃ẽi,2 +Nε̃iẽi,2 +Nẽi,2 + 2Mẽi,1

)
+

(
ηRD,i +

σ2

τpp

)
(ẽi,2)

2

]
,

γ̃
(3)
k,i ≜ M2c̃ic̃k δ̃

2ε̃iε̃k, γ̃
(4)
k,i ≜ 2M2c̃ic̃kε̃iε̃kẽi,1δ̃,

γ̃
(5)
k,i ≜ M2N2c̃ic̃k δ̃

2 (ẽi,2)
2 +MN2c̃ic̃k

[
δ̃ (ε̃i + ε̃k + 2) (ẽi,2)

2 + (ε̃i + 1)(ε̃k + 1)ẽi,3
]
+M2Nc̃ic̃kẽi,1

[
(ε̃i + ε̃k + 1)ẽi,1 + 2δ̃ẽi,2

]
+M2c̃ic̃kε̃iε̃k(ẽi,1)

2|hT
ID,ih

∗
ID,k|2 +MN

[(
ηRD,i +

σ2

τpp

)
c̃k
(
δ̃ (ẽi,2)

2 + (ε̃k + 1)ẽi,3
)
+ ηRD,k c̃i

(
δ̃ (ẽi,2)

2 + (ε̃i + 1)ẽi,3
)]

+MηRD,k

(
ηRD,i +

σ2

τpp

)
ẽi,3

RIRD,k ≜ pS

K∑
l=1

E
{∣∣hT

ID,kΦhSI,l

∣∣2} = pS

K∑
l=1

(
ζ
(1)
k,l |h

T
ID,kΦhSI,l|2 + ζ

(2)
k,l

)
,

ζ
(1)
k,l ≜

ηSI,lηID,k

(εl + 1)(ε̃k + 1)
εlε̃k, ζ

(2)
k,l ≜

ηSI,lηID,k

(εl + 1)(ε̃k + 1)
N (εl + ε̃k + 1) (48)

R̃SR,k = E

{
log2

(
1 +

pS
∣∣wT

k gSR,k

∣∣2
pS
∑

i̸=k |wT
k gSR,i|2 + pRσ2

RR∥wT
k ∥2 + σ2

R∥wT
k ∥2

)}
(54)

R̃RD,k = E

{
log2

(
1 +

pR
∣∣gT

RD,kvk

∣∣2
pR
∑

i ̸=k |gT
RD,kvi|2 + pS

∑K
l=1

∣∣hT
ID,kΦhSI,l

∣∣2 + σ2
D

)}
(55)

SINRSR,k =
ES [Nck(εk + 1) + ηSR,k]

2 ek,1

ESNc2k(2εk + 1)ek,1 + ESckek,1
∑

i ̸=k ci
[
N(εk + εi + 1) + εkεi|h

H
SI,khSI,i|2

]
+ σ2

R (Nck(εk + 1) + ηSR,k)
(56)

SINRRD,k =
ER [Nc̃k(ε̃k + 1) + ηRD,k]

2 ẽ2k,1

ERNc̃2k (2ε̃k + 1) ẽ2k,1 + ERc̃k
∑

i ̸=k c̃iẽ
2
i,1

[
N(ε̃i + ε̃k + 1) + ε̃iε̃k|h

T
ID,ih

∗
ID,k|2

]
+ σ2

D

∑K
l=1 (Nc̃l(ε̃l + 1) + ηRD,l) ẽl,1

(57)
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that the source and relay transmit powers can be proportionally
reduced to 1/M , while maintaining a non-zero SSE. (ii) The
self-interference term disappears when large antenna arrays
are used, as demonstrated in [19]. Furthermore, it can be
observed that the numerators of the SINR expressions scale
with O(N2), whereas the denominators scale with O(N).
Therefore, the SSE scales logarithmically with N for M →
∞, pS = ES

M , and pR = ER

M . This demonstrates that deploying
an IRS can potentially increase SSE performance. Note that
this result is independent of the IRS configuration. This is
because when δ = 0 and δ̃ = 0, all terms containing Φ
in Theorem 1 vanish as M → ∞. As a result, the SINR
expressions in (56) and (57) are independent of the IRS phase
matrix Φ. Therefore, this property holds for any valid IRS
phase configuration. In practical scenarios, where δ > 0 (e.g., a
typical LoS IRS-relay link), Φ critically impacts performance,
necessitating the optimization presented in Section III-C.

Second, we analyze the power scaling law as N → ∞.
We assume that pp is fixed, pS = ES

N , and pR = ER

N ,
where ES and ER are fixed and independent of N . We
consider a special case in which the IRS-relay channels are
Rayleigh distributed, and there is no direct reflection between
the sources and destinations, i.e., the term

√
pSh

T
ID,kΦHSIx(t)

is not included in (32). This case is practical when the sources
and destinations are far apart and the reflection between pairs
is sufficiently weak such that it can be neglected.

Proposition 5. When δ = 0 and δ̃ = 0, as N →∞, and there
is no direct reflection between sources and destinations, then
SSE is given by

SSE −→T − τ

T

K∑
k=1

log2 (1 + min {SINRSR,k,SINRRD,k}) ,

where SINRSR,k and SINRRD,k are given in (58), as shown
at the bottom of this page.

Proof. We substitute δ = 0, pS = ES

N , δ̃ = 0, and
pR = ER

N into Theorem 1. Then, the limit of the SSE can
be obtained by keeping all non-zero terms as N → ∞.
Note that ak,3 → 0, ek,1 → 1, ek,2 → 1, ek,3 → 1, and
ãk,3 → 0, ẽk,1 → 1, ẽk,2 → 1, ẽk,3 → 1, as N →∞.

It can be observed that the SSE converges to a non-zero
limit when the source and relay transmit powers are reduced
proportionally to N . In addition, the self-interference term
disappears when a large number of IRS elements are used,
similar to using a large number of relay antenna arrays. This
demonstrates the potential of deploying an IRS in hybrid
IRS-relay systems. Moreover, the proposition demonstrates
that the numerators of the SINRs scale with O(M) and the
denominators scale with O(1). This indicates that the SSE
scales logarithmically with the number of antennas M . With
a large M , when the environment between the IRS and relay
exhibits rich scattering, more spatial multiplexing gain and
lower inter-pair interference can be achieved [17].

C. IRS Phase Shift Optimization
We aim to optimize the IRS phase shift matrix to maximize

the SSE. This problem is formulated in the fractional form as

max
Φ

SSE =
T − τ

T

K∑
k=1

log2

(
1 + min

m∈{1,2}

{
Fk,m(Φ)

Gk,m(Φ)

})
,

(61a)
s.t. |ϕn| = 1, ∀n ∈ {1, . . . , N}. (61b)

where Fk,m(Φ) and Gk,m(Φ),m ∈ {1, 2}, denote the numer-
ator and denominator of the SINRs derived in (49) and (50).
Specifically, SINRSR,k =

Fk,1(Φ)
Gk,1(Φ) and SINRRD,k =

Fk,2(Φ)
Gk,2Φ) .

To facilitate optimization, we first simplify the expressions,
Fk,m(Φ) and Gk,m(Φ), by introducing new variables, fol-
lowed by simplified terms.

Simplification of Fk,m(Φ) and Gk,m(Φ): We define rHk ≜

aHI diag(hSI,k), ϕ ≜ diag(Φ), and r̃Tk ≜ h
T

ID,kdiag(ãI).
Subsequently, we rewrite fk(Φ) = rHk ϕ, f̃k(Φ) = r̃Tkϕ. We
then define

Dk,i ≜ rkh
H

SI,ihSI,kr
H
i , Ek,i ≜ (Dk,i +DH

k,i)/2, (62)

D̃k,i ≜ r̃∗ih
T

ID,ih
∗
ID,kr̃

T
k , Ẽk,i ≜ (D̃k,i + D̃H

k,i)/2. (63)

The expression ℜ{fHk (Φ)fi(Φ)h
H

SI,ihSI,k} in (42) is rewritten
as

ℜ
{(

ϕHrk
) (

h
H

SI,ihSI,k

) (
rHi ϕ

)}
= ℜ

{
ϕHDk,iϕ

}
(a)
= ϕH [(Dk,i +DH

k,i)/2]ϕ = ϕHEk,iϕ, (64)

where (a) is obtained because ℜ{c} = (c+ cH)/2 and c ∈ C.
Similarly, the expression ℜ

{
f̃k(Φ)f̃Hi (Φ)h

T

ID,ih
∗
ID,k

}
in (47)

is rewritten as follows:

ℜ
{(

ϕH r̃∗i
) (

h
T

ID,ih
∗
ID,k

) (
r̃Tkϕ

)}
= ϕHẼk,iϕ. (65)

Finally, we define

Fk,l ≜ (diag(hSI,l))
Hh

∗
ID,kh

T

ID,kdiag(hSI,l). (66)

Then, the expression |hTID,kΦhSI,l|2 in (48) is rewritten as(
h
T

ID,kdiag(hSI,l)ϕ
)H

h
T

ID,kdiag(hSI,l)ϕ = ϕHFk,lϕ. (67)

Based on the above simplification, Fk,m(Φ) and Gk,m(Φ)
are rewritten in (59) and (60) at the bottom of this page.
Subsequently, Problem (61) can be equivalently reformulated
as

max
ϕ,s

T − τ

T

K∑
k=1

log2 (1 + sk) (68a)

s.t.
Fk,m(ϕ)

Gk,m(ϕ)
≥ sk, sk ≥ 0, and (61b) (68b)

where s ≜ {sk} is the set of auxiliary variables. Problem (68)
is non-convex and difficult to solve optimally. Based on the
general framework for fractional matrix programming [25],
we solve it by iteratively solving the following problem

max
ϕ,s,t

T − τ

T

K∑
k=1

log2 (1 + sk) (69a)
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s.t. sk ≤ 2ξ
[κ]
k,mtk,m −

(
ξ
[κ]
k,m

)2

Gk,m(ϕ), ∀k,m (69b)

tk,m ≤
√
Fk,m(ϕ), ∀k,m (69c)

sk ≥ 0, tk,m ≥ 0, ∀k,m (69d)
(61b) (69e)

where s = {sk}, t = {tk,m} denote the sets of auxiliary
variables that address min(·) and the fractional functions,
respectively. In addition, ξ

[κ]
k,m = t

[κ]
k,m/Gk,m(ϕ[κ]) with κ

being the iteration index. It can be observed that Problem
(69) is non-convex because the constraints in (69b), (69c), and
(61b) are non-convex. By applying the MM method [26], we
approximate constraints (69b) and (69c) with the convex ones.
This can be done by determining the convex upper bound and
lower bound for Gk,m(ϕ) and

√
Fk,m(ϕ), respectively.

Determining a convex upper bound for Gk,m(ϕ): We begin
by introducing the auxiliary variables (vk, ṽk, w, uk) such that

evk = |rHk ϕ|2, eṽk = |r̃Tkϕ|2, ∀k (70)

ew =

K∑
l=1

(
α̃
(1)
l |r̃

T
l ϕ|2 + α̃

(2)
l

)
, (71)

euk =

K∑
l=1

(
ζ
(1)
k,l ϕ

HFk,lϕ+ ζ
(2)
k,l

)
,∀k. (72)

According to [27], any Hermitian matrix can be written as
the difference between two positive semi-definite matrices. We
denote Ek,i = E

(+)
k,i + E

(−)
k,i , Ẽk,i = Ẽ

(+)
k,i + Ẽ

(−)
k,i , where

E
(+)
k,i ⪰ 0, E

(−)
k,i ⪯ 0, Ẽ

(+)
k,i ⪰ 0, Ẽ

(−)
k,i ⪯ 0. Then, we

approximate the quadratic terms in (59) and (60) as follows:

ϕHEk,iϕ ≤ ϕHE
(+)
k,i ϕ+ 2ℜ

{
(ϕ[κ])HE

(−)
k,i ϕ

}
− (ϕ[κ])HE

(−)
k,i ϕ

[κ], (73)

ϕHẼk,iϕ ≤ ϕHẼ
(+)
k,i ϕ+ 2ℜ

{
(ϕ[κ])HẼ

(−)
k,i ϕ

}
− (ϕ[κ])HẼ

(−)
k,i ϕ

[κ]. (74)

Thus, by combining (70)-(74), we can derive the convex upper
bound for Gk,m(ϕ), which is denoted as Ĝk,m(ϕ). The bound
is given by (77) and (78) at the bottom of the next page.

Determining a convex lower bound for
√
Fk,m(ϕ): We

apply the following approximations

|rHk ϕ|2 ≥ 2ℜ
{(

rHk ϕ[κ]
)∗

rHk ϕ
}
− |rHk ϕ[κ]|2, (75)

|r̃Tkϕ|2 ≥ 2ℜ
{(

r̃Tkϕ
[κ]
)∗

r̃Tkϕ
}
− |r̃Tkϕ[κ]|2. (76)

The approximation presented above is obtained by adopting
the inequality |z|2 ≥ 2ℜ{z̄∗z} − |z̄|2, for a given complex
z̄. We then derive the convex lower bound for

√
Fk,m(ϕ),

denoted by F̂k,m(ϕ). The bound is given in (79) and (80) at
the bottom of the next page. Thus, by combining (77)-(80),
the solution to Problem (69) can be obtained by iteratively
solving the following problem

max
ϕ,s,t,

u,v,ṽ,w

T − τ

T

K∑
k=1

log2 (1 + sk) (81a)

s.t. sk ≤ 2ξ
[κ]
k,mtk,m − (ξ

[κ]
k,m)2Ĝk,m(ϕ), ∀k,m (81b)

tk,m ≤ F̂k,m(ϕ), ∀k,m (81c)

|rHk ϕ|2 ≤ evk , |r̃Tkϕ|2 ≤ eṽk , ∀k (81d)
K∑
l=1

(
α̃
(1)
l |r̃

T
l ϕ|2 + α̃

(2)
l

)
≤ ew (81e)

K∑
l=1

(
ζ
(1)
k,l ϕ

HFk,lϕ+ ζ
(2)
k,l

)
≤ euk ,∀k (81f)

(69d), (61b) (81g)

where u = {uk}, v = {vk}, and ṽ = {ṽk} denote the sets
of auxiliary variables. However, the above problem cannot
be solved directly owing to the non-convex constraints (81d)-
(81f), and (61b). To address the non-convexity of (81d)-(81f),
we adopt the inequality eν̄(ν − ν̄ + 1) ≤ eν for a given ν̄.
Thus, these constraints can be relaxed as follows:

|rHk ϕ|2 ≤ ev
[κ]
k (vk − v

[κ]
k + 1), ∀k (82)

|r̃Tkϕ|2 ≤ eṽ
[κ]
k (ṽk − ṽ

[κ]
k + 1), ∀k (83)

K∑
l=1

(
α̃
(1)
l |r̃

T
l ϕ|2 + α̃

(2)
l

)
≤ ew

[κ]

(w − w[κ] + 1), (84)

SINRSR,k =
ESMck(εk + 1)

ESck(εk + 1) + ES

∑K
i=1,i ̸=k ci(εi + 1) + σ2

R

, SINRRD,k =
ERMc̃k (ε̃k + 1)

ERc̃k(ε̃k + 1) + ER

∑K
i=1,i ̸=k c̃i(ε̃i + 1) + σ2

D

(58)

Fk,1(ϕ) = pS
(
α
(1)
k |rHk ϕ|2 + α

(2)
k

)2
, Gk,1(ϕ) = pS

(
β
(1)
k |rHk ϕ|2 + β

(2)
k

)
+ pS

∑
i ̸=k

(
γ
(1)
k,i |r

H
k ϕ|2 + γ

(2)
k,i |r

H
i ϕ|2 + γ

(3)
k,i |r

H
k ϕ|2|rHi ϕ|2

+ γ
(4)
k,iϕ

HEk,iϕ+ γ
(5)
k,i

)
+ (σ2

R + pRσ
2
RR)

(
α
(1)
k |rHk ϕ|2 + α

(2)
k

)
(59)

Fk,2(ϕ) = pR
(
α̃
(1)
k |r̃Tk ϕ|2 + α̃

(2)
k

)2
, Gk,2(ϕ) = pR

(
β̃
(1)
k |r̃Tk ϕ|2 + β̃

(2)
k

)
+ pR

∑
i ̸=k

(
γ̃
(1)
k,i |r̃

T
i ϕ|2 + γ̃

(2)
k,i |r̃

T
k ϕ|2 + γ̃

(3)
k,i |r̃

T
i ϕ|2|r̃Tk ϕ|2

+ γ̃
(4)
k,iϕ

HẼk,iϕ+ γ̃
(5)
k,i

)
+ pS

K∑
l=1

(
α̃
(1)
l |r̃Tl ϕ|2 + α̃

(2)
l

) K∑
l=1

(
ζ
(1)
k,lϕ

HFk,lϕ+ ζ
(2)
k,l

)
+ σ2

D

K∑
l=1

(
α̃
(1)
l |r̃Tl ϕ|2 + α̃

(2)
l

)
(60)
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K∑
l=1

(
ζ
(1)
k,l ϕ

HFk,lϕ+ ζ
(2)
k,l

)
≤ eu

[κ]
k (uk − u

[κ]
k + 1),∀k (85)

Then, we need to solve the following problem

max
ϕ,s,t,

u,v,ṽ,w

T − τ

T

K∑
k=1

log2 (1 + sk) (86a)

s.t. (81b), (81c), (82)− (85), (69d), (61b) (86b)

It remains to address the non-convex constraint (61b). We
apply the square penalty method [28]. In particular, we
first relax (61b) into an inequality constraint. Subsequently,
we add a penalty term λ∥ϕ∥2 to the objective function to
enforce the equality at optimality. Here, λ > 0 and ∥ · ∥
denotes the Euclidean norm. However, the penalty term is
non-convex, which is addressed by adopting the inequality
∥z∥2 ≥ 2ℜ{z̄Hz} − ∥z̄∥2, for a given complex vector z̄ [28].
Then, Problem (86) becomes

max
X

Ψ(X) ≜
T − τ

T

K∑
k=1

log2 (1 + sk)

+ λ(2ℜ{(ϕ[κ])Hϕ} − ∥ϕ[κ]∥2) (87a)
s.t. (81b), (81c), (82)− (85), (69d) (87b)

|ϕn|2 ≤ 1, ∀n (87c)

where X ≜ {ϕ, s, t,u,v, ṽ, w}. This problem is convex and
can be efficiently solved using the CVX solver [29]. The al-
gorithm for solving Problem (61) is presented in Algorithm 1.
The main complexity of the proposed iterative algorithm lies
in the interior-point algorithm deployed in the CVX solver.
The worst-case complexity is O(N3.5 log(1/ε)I1I0), where ε,
I1, and I0 denote the solution accuracy of the interior-point
method, the number of required iterations in the inner and
outer loop of Algorithm 1, respectively. According to [28,
Theorem 2], the study shows that any local optimal solution
to Problem (87) must be a feasible solution to Problem (86)
for a sufficiently large penalty λ. In Algorithm 1, the adaptive
rule [28], [30] is adopted. The main idea of this update rule is
to start from a small value of λ so that the problem is easier

to handle. Then the hardness of the problem increases as λ is
gradually increased. Specifically, the initial value λ is set to
a small value (i.e., 10−3), then increased by a scaling factor
c > 1 (i.e., λ ← cλ). This value is gradually increased until
maxn{||ϕn| − 1|} is less than a predefined threshold or the
maximum value λmax is reached.

The convergence analysis is provided in the following. For a
given λ, it can be seen that the sequence of objective functions
is non-decreasing, i.e., Ψ(X[κ]) ≤ Ψ(X[κ+1]). In addition,
Ψ(X[κ+1]) is upper bounded. This is because Fk,m(ϕ) and
Gk,m(ϕ) take finite values, and the constraint |ϕn|2 ≤ 1
represents a bounded region. Thus, the sequence Ψ(X[κ]) is
convergent. Moreover, based on the MM method, the limit of a
sequence {X[κ]} is a Karush–Kuhn–Tucker (KKT) point [26,
Sec. IV-F].

Remark 4. Although the theoretical worst-case complexity is
O(N3.5 log(1/ε)I1I0), the proposed algorithm remains prac-
tical. Because statistical CSI evolves slowly, phase shifts are
updated quasi-statically on a long timescale. Furthermore,
execution is handled by the computationally capable relay
rather than the passive IRS, and the algorithm converges in
a few iterations (I1, I0), ensuring manageable runtime.

Algorithm 1 IRS Phase Shift Design

0: Initialization: Initialize feasible point X(0), set the initial
penalty parameter λ, maximum value λmax, scaling factor
c > 1, and tolerances ϵ1 > 0, ϵ0 > 0.

1: Repeat
2: Set the iteration index κ = 0.
3: Repeat
4: Solve Problem (87) to obtain solution X⋆.
5: Update X[κ+1] ← X⋆ and ξ

[κ+1]
k,m ← t⋆k,m/Gk,m(ϕ⋆).

6: κ← κ+ 1.
7: Until |Ψ(X[κ])−Ψ(X[κ−1])| ≤ ϵ1.
8: Update X(0) by the currently obtained solution.
9: Update λ← cλ.

10: Until maxn{||ϕn| − 1|} ≤ ϵ0 or λ > λmax.

Gk,1(ϕ) ≤ Ĝk,1(ϕ) ≜ pS
(
β
(1)
k |rHk ϕ|2 + β

(2)
k

)
+ pS

K∑
i=1,i ̸=k

[
γ
(1)
k,i |r

H
k ϕ|2 + γ

(2)
k,i |r

H
i ϕ|2 + γ

(3)
k,i e

vkevi

+ γ
(4)
k,i

(
ϕHE

(+)
k,i ϕ+ 2ℜ

{
(ϕ[κ])HE

(−)
k,i ϕ

}
− (ϕ[κ])HE

(−)
k,i ϕ

[κ]
)
+ γ

(5)
k,i

]
+ (σ2

R + pRσ
2
RR)

(
α
(1)
k |rHk ϕ|2 + α

(2)
k

)
(77)

Gk,2(ϕ) ≤ Ĝk,2(ϕ) ≜ pR
(
β̃
(1)
k |r̃Tk ϕ|2 + β̃

(2)
k

)
+ pR

K∑
i=1,i ̸=k

[
γ̃
(1)
k,i |r̃

T
i ϕ|2 + γ̃

(2)
k,i |r̃

T
k ϕ|2 + γ̃

(3)
k,i e

ṽkeṽi

+ γ̃
(4)
k,i

(
ϕHẼ

(+)
k,i ϕ+ 2ℜ

{
(ϕ[κ])HẼ

(−)
k,i ϕ

}
− (ϕ[κ])HẼ

(−)
k,i ϕ

[κ]
)
+ γ̃

(5)
k,i

]
+ pSe

weuk + σ2
D

K∑
l=1

(
α̃
(1)
l |r̃Tl ϕ|2 + α̃

(2)
l

)
(78)

√
Fk,1(ϕ) ≥ F̂k,1(ϕ) ≜

√
pS
[
α
(1)
k

(
2ℜ
{(

rHk ϕ[κ]
)∗

rHk ϕ
}
− |rHk ϕ[κ]|2

)
+ α

(2)
k

]
(79)√

Fk,2(ϕ) ≥ F̂k,2(ϕ) ≜
√
pR
[
α̃
(1)
k

(
2ℜ
{(

r̃Tk ϕ
[κ]
)∗

r̃Tk ϕ
}
− |r̃Tk ϕ[κ]|2

)
+ α̃

(2)
k

]
(80)



IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. XX, NO. XX, XXXX 13

IV. EXPERIMENTAL RESULTS

In this section, we validate the effectiveness of the proposed
hybrid IRS-relay system with different key system parameters.
We consider K = 3 source-destination pairs, where the
sources and destinations are distributed randomly in the circles
centered at (0 m, 0 m) and (140 m, 0 m) with a radius of 10
(m), respectively. The positions of the IRS and the relay are
(70 m, -15 m) and (70 m, 15 m), respectively. The path loss
coefficients are defined as ης,k = 10−3d−4

ς,k, for ς ∈ {SR,RD},
ης′,k = 10−3d−2.5

ς′,k , for ς ′ ∈ {SI, ID, IR,RI}. Unless stated
otherwise, we set τ = 2K, T = 200, pp = pS = pR = 10
(dBm), εk = ε̃k = 5 and δ = δ̃ = 10, σ2

R = σ2
D = σ2 = −94

(dBm). The residual self-interference level σ2
RR = 0 (dB) with

respect to σ2. In this evaluation, we compare the proposed
method (Proposed (Stat. CSI - Theoretical)) with the fol-
lowing methods:

• Proposed (Inst. CSI): To verify the tightness of the
UatF lower bound, the closed-form rate (51) is compared
with the ergodic rate (53), obtained via Monte Carlo
simulations. Here, “Inst. CSI” indicates that the receivers
perfectly know the instantaneous effective channel gains
(i.e., a genie-aided receiver).

• Proposed (Stat. CSI - Empirical): To verify the deriva-
tion correctness, the statistical moments in (49) and (50)
are validated against Monte Carlo simulations, under the
proposed algorithm.

• FD-relay+IRS (Random Phase): An IRS-aided FD relay
baseline in which the IRS phase-shift coefficients are ran-
domly and independently generated following a uniform
distribution over [0, 2π), without any optimization.

• FD-relay+IRS (Fixed Phase): An IRS-aided FD relay
baseline in which all IRS reflecting elements are config-
ured with fixed phase shift.

• FD-relay (No IRS): The considered FD relay system
without using IRS.

• FD-relay (Ngo et al.): The FD relay system proposed
in [19], which adopts the same system settings as those
of FD-relay (No IRS) scheme. This scheme is used as
a benchmark to validate the achievable rate analysis in
Theorem 1 with the special case of an FD relay system
without IRS.

• HD-relay+IRS : The hybrid HD-IRS relay system, where
the transmission is performed in two phases: (i) from the
sources to the relay and the IRS, and (ii) from the relay
and the IRS to the destinations. In the HD mode, no
self-interference is present as transmission is performed
over two equal adjacent time slots. Consequently, a pre-
log factor of 1/2 is included in the spectral efficiency
expression.

• HD-relay (No IRS): The HD relay system without IRS.
• HD-relay (Ngo et al.): The HD relay system proposed

in [19].
• IRS-only: A benchmark in which the source-destination

links rely solely on the IRS-reflected path, with the
IRS phase-shift matrix optimized to maximize the sum
spectral efficiency of this configuration.

Fig. 2 illustrates the NMSE of the LMMSE estimates for
the SR and RD links versus N . The result is consistent with
Proposition 3. Specifically, for small-to-moderate N , the IRS-
aided curves exhibit no difference compared with the No-IRS
benchmark, because the IRS gain is small. As N increases,
this gain dominates, driving the NMSE below the benchmark.
In addition, increasing SNRpilot from 10 to 20 dB scales down
both the benchmark and the IRS curves.

Fig. 3 depicts the power scaling with respect to the number
of relay antennas M . Here, IRS-relay and relay-IRS channels
are purely NLoS (δ = δ̃ = 0), and the transmit power of each
source and relay scales proportionally to 1/M . According to
Proposition 4, the figure shows that as the number of relay
antennas M increases, the spectral efficiency approaches a
non-zero value. This indicates that the transmit power of each
source and relay can be proportionally reduced to 1/M , while
the SSE can be maintained to a non-zero value. Furthermore,
systems with N = 500 achieve higher asymptotic limits than
those with N = 100. This is because a larger number of IRS
elements yields a larger effective channel gain. Fig. 4 depicts
the power scaling with the number of IRS elements N . Here,
IRS-relay and relay-IRS channels are purely NLoS, and the
transmit power of each source and relay scales proportionally
to 1/N . This figure shows that SSE tends to approach a non-
zero value as N →∞, which is consistent with Proposition 5.
Moreover, systems with more relay antennas (M = 500)
achieve higher performance and a higher limit than those with
fewer (M = 100).

Fig. 5 depicts the convergence behavior of the proposed
algorithm with N ∈ {50, 200} and M = 100. For both cases,
the proposed algorithm converges within a small number of it-
erations, demonstrating fast convergence. Moreover, increasing
the number of IRS elements improves the spectral efficiency
owing to the enhanced passive beamforming gain. Fig. 6
depicts the SSE as a function of the number of IRS elements.
We can see that the small gap between Proposed (Inst. CSI)
and Proposed (Stat. CSI - Theoretical) confirms the bound’s
tightness. In addition, the overlap with Proposed (Stat. CSI -
Empirical) validates the derived statistics. As shown, the per-
formance of the proposed schemes increases with the number
of IRS elements, whereas the baseline schemes without IRS,
random, and fixed phase shift exhibit flat performance. This
behavior demonstrates the performance gains by deploying
a larger IRS array. Furthermore, all schemes outperform the
IRS-Only baseline, as a passive IRS requires a very large
number of elements to match the active gain of the FD relay.
In addition, the FD relay schemes consistently outperform
their HD counterparts. The performance advantage of the FD
schemes over the HD schemes is mainly attributed to the
two-phase transmission in the HD mode, which incurs a 1/2
pre-log penalty. Fig. 7 depicts the impact of residual self-
interference on spectral efficiency. It is observed that a higher
self-interference level drastically reduces the SSE performance
of all FD schemes when compared with the low-interference
case. In particular, when residual self-interference is large,
self-interference error dominates and causes FD performance
to fall below HD. However, increasing N (from 100 to 200)
substantially mitigates the performance loss caused by high
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Fig. 2. NMSE performance versus N , with differ-
ent values of SNRpilot = pp/σ2.
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Fig. 7. SSE versus self-interference level, with
M = 200.

self-interference. This helps expand the operational regime
where FD-IRS retains its superiority over HD-IRS.

Fig. 8 depicts the SSE as a function of the number of relay
transmit/receive antennas M . It can be observed that the SSE
increases with M . In addition, the performance gap between
the proposed schemes and HD schemes gradually widens as
M increases, which indicates that large antenna arrays can be
effectively exploited to improve the performance. Furthermore,
the proposed FD schemes outperform the FD baselines without
IRS. This figure also highlights the energy efficiency of
integrating a passive IRS into the FD relay. For a target
SE of 10.9 bps/Hz, the FD-relay (No IRS) scheme requires
M = 197 active antennas. The proposed scheme achieves
the same SE with only M = 160 antennas, saving 37 active
antennas. Because passive elements consume much less power
than active RF chains, this hardware reduction significantly
decreases deployment cost and total energy consumption.

Fig. 9 depicts the SSE versus transmit power. As the
transmit power increases, the SSE of all the schemes rapidly
increases in the low-power regime (below 15 dBm). When the
transmit power exceeds this value, the performance improve-
ment becomes more gradual. The proposed scheme outper-
forms the benchmark schemes. Fig. 10 illustrates the energy
efficiency versus the source transmit power. The energy effi-
ciency is defined as EE = B·SSE

Ptotal
, where B and Ptotal represent

the bandwidth and total power consumption, respectively [31].

The high performance of the proposed schemes shows that
passive beamforming gain effectively offsets the added IRS
circuit power. Although HD-relay schemes achieve higher
energy efficiency owing to using half the active RF chains,
the proposed FD design provides higher spectral efficiency, as
shown in Fig. 9. In addition, the IRS-only baseline fails at
low power due to double path loss, but achieves the highest
EE above 12 dBm by eliminating active circuit consumption.

V. CONCLUSION

In this study, we investigated a multi-pair IFDR system
with massive relay antennas. We first determined the channel
estimate of the cascaded channels and related statistics of the
IFDR system, using the LMMSE method. Subsequently, we
derived the closed-form lower bound for the achievable rate
using MRC/MRT processing and the UatF technique. Second,
we analyzed the power scaling laws under large-scale antenna
and IRS regimes. Third, we formulated the IRS phase shift
design problem for maximizing the sum spectral efficiency and
developed an efficient iterative algorithm based on fractional
matrix programming, the MM, and square penalty methods.
Simulations confirmed that our proposed scheme outperforms
the benchmark schemes. While the proposed framework yields
tractable rate expressions, several practical limitations remain.
Future work will extend this model by: leveraging IRS phase
shifts for passive self-interference cancellation, incorporating
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near-field spherical wave models, developing low-complexity
algorithms for large-scale IRS, and considering secrecy con-
straints and unblocked direct links.

APPENDIX A

Using the LMMSE estimator [20] (see Sec. 12.5, p. 382)
with the observations provided in (13), we obtain

ĝSR,k = E{gSR,k}+Cov{gSR,k, ỹrp,k}Cov−1{ỹrp,k, ỹrp,k}
× (ỹrp,k − E{ỹrp,k}) . (88)

By applying [17, Lemma 1], we obtain Cov{ỹrp,k, ỹrp,k} =
ak,1aRa

H
R + (ak,2 +

σ2

τpp
)IM, where ak,1, ak,2 are defined in

(17). Then, applying the Woodbury’s identity (see [20], p. 571)
and aHR aR = M , we obtain

Cov−1{ỹrp,k, ỹrp,k}

=
(
ak,2 +

σ2

τpp

)−1

IM −
ak,1

(
ak,2 +

σ2

τpp

)−2

1 +Mak,1

(
ak,2 +

σ2

τpp

)−1 aRa
H
R .

In addition, we can verify that Cov{gSR,k, ỹrp,k} =
ak,1aRa

H
R + ak,2IM. Then,

Cov{gSR,k, ỹrp,k}Cov−1{ỹrp,k, ỹrp,k}
= ak,3aRa

H
R + ak,4IM ≜ ASR,k, (89)

where ak,3, ak,4, and ASR,k are defined in (18), (19), and
(16), respectively. Next, we can verify that E {gSR,k} =√
ckδεkHIRΦhSI,k. Combining this identity and (89), Eq. (88)

becomes:

ĝSR,k = ASR,kỹrp,k + (IM −ASR,k)
√
ckδεkHIRΦhSI,k.

This can be simplified to obtain the estimate (15) by applying
(11) and (13). The estimate for gRD,k is obtained similarly.

APPENDIX B

We have

MSESR,k = E{eSR,keHSR,k}
(a)
= Cov(gSR,k,gSR,k)

− Cov(gSR,k, ỹrp,k)Cov
−1(ỹrp,k, ỹrp,k)Cov(ỹrp,k,gSR,k)

(b)
= Cov(gSR,k,gSR,k)−ASR,kCov(gSR,k,gSR,k)

= (IM −ASR,k)Cov(gSR,k,gSR,k), (90)

where (a) follows from [20, Eq. (12.21)] and (b) follows from
(89) and Lemmma 1 [17]. Then, according to [17], the NMSE
of the estimate gSR,k follows. The NMSE of the estimate eRD,k
is computed similarly. This completes the proof.

APPENDIX C
The first limit in (27) is obtained by the fact that the

dominant terms in the numerator in (25) scale with O(N2),
while those in the denominator scale with O(N3). The second
limit is obtained by the fact that both the numerator and

denominator have a highest degree of
(
σ2

τpp

)2

with identical
leading coefficients. The last limit follows by substituting
σ2

τpp
= 0 into (25). For limit in (28), by substituting pp =

Ep

N

into (25), the quantities ak,1, ak,2, and σ2

τpp
all scale linearly

with N as N →∞. The N3 factor cancels identically from the
numerator and denominator, implying the closed-form limit
with the numerator being less than the denominator. A similar
argument can be applied to prove (29) and (30).

APPENDIX D
In the following, we derive each term of SINRSR,k. Com-

putation for SINRRD,k can be performed similarly.
1) Compute DSSR,k = pS

∣∣E{
wT
k gSR,k

}∣∣2: We have

E{wT
k gSR,k} = E{ĝHSR,kgSR,k}

(a)
=

4∑
ω=1

E{(q̂(ω)
SR,k)

Hq
(ω)
SR,k}+ ηSR,kE{h̃HSR,kAH

SR,kh̃SR,k}

= ckδεkh
H

SI,kΦ
HH

H

IRHIRΦhSI,k

+ ek,2ckδE{h̃HSI,kΦHH
H

IRHIRΦh̃SI,k}

+ ckεkh
H

SI,kΦ
HE{H̃H

IRA
H
SR,kH̃IR}ΦhSI,k

+ ckE{h̃HSI,kΦHH̃H
IRA

H
SR,kH̃IRΦh̃SI,k}+ ηSR,kTr{AH

SR,k}
(b)
= M [|fk(Φ)|2ckδεk +Nckδek2 + (Nck(εk + 1) + ηSR,k)ek,1],

where (a) follows by the fact that h̃SI,k, h̃SR,k, H̃IR and Nrp,k

are independent and have zero mean; (b) follows by applying
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[17, Lemma 7], the law of iterative expectation, and identities:
ΦHΦ = IN ,H

H

IRHIR = MaIa
H
I , Tr

(
AH

SR,k

)
= Mek,1.

2) Compute SISR,k: We have SISR,k = pRE
{
|wT

k zRR|2
}
=

pRE
{
wT
k zRRz

H
RRw

∗
k

} (c)
= pRE

{
wT
k E

{
zRRz

H
RR

}
w∗
k

}
= pRσ

2
RRE

{
∥wT

k ∥2
}

, where the equality (c) is obtained
from the fact that the residual self-interference vector zRR

is independent of wk. Next, we compute E
{
∥wT

k ∥2
}

. As
eSR,k and ĝSR,k are uncorrelated and E{eSR,k} = 0, thus
E{ĝHSR,keSR,k} = 0. Then

E
{
ĝHSR,kgSR,k

}
= E{∥ĝSR,k∥2}. (91)

With the MRC processing, E{∥wT
k ∥2} = E{∥ĝHSR,k∥2}

and E{wT
k gSR,k} = E{ĝHSR,kgSR,k}. From (91), we then

obtain E{∥wT
k ∥2} = E{wT

k gSR,k}. The computation of
E{wT

k gSR,k} has already been obtained in the previous part.
3) Compute ANSR,k = σ2

RE
{
∥wT

k ∥2
}

: We note that the
computation of E

{
∥wT

k ∥2
}

has already been obtained in the
previous part.

The following calculation is based on [17, Lemmas 8-10].
4) Compute LSSR,k = pSVar

{
wT
k gSR,k

}
: We have

Var{wT
k gSR,k} = E{|ĝHSR,k gSR,k|2}−|E{ĝHSR,kgSR,k}|2. We

derive E{|ĝHSR,k gSR,k|2} as follows:

E{
∣∣ĝHSR,kgSR,k

∣∣2} = E{
∣∣q̂HSR,kqSR,k

∣∣2}+ E{
∣∣q̂HSR,kdSR,k

∣∣2}
+ E{

∣∣dHSR,kAH
SR,kqSR,k

∣∣2}+ E{
∣∣dHSR,kAH

SR,kdSR,k

∣∣2}
+ E{

∣∣NH
rp,kA

H
SR,kqSR,k

∣∣2}+ E{
∣∣NH

rp,kA
H
SR,kdSR,k

∣∣2}
+ 2ℜ{E{q̂HSR,kqSR,k(d

H
SR,kA

H
SR,kdSR,k)

H}}.

where qSR,k ≜
∑4
ω=1 q

(ω)
SR,k, q̂SR,k ≜

∑4
ω=1 q̂

(ω)
SR,k.

5) Compute MPSR,k = pS
∑
i ̸=k E

{
|wT

k gSR,i|2
}

:

E{
∣∣ĝHSR,kgSR,i

∣∣2} = E{
∣∣q̂HSR,kqSR,i

∣∣2}+ E{
∣∣q̂HSR,kdSR,i

∣∣2}
+ E{

∣∣dHSR,kAH
SR,kqSR,i

∣∣2}+ E{
∣∣dHSR,kAH

SR,kdSR,i

∣∣2}
+ E{

∣∣NH
rp,kA

H
SR,kqSR,i

∣∣2}+ E{
∣∣NH

rp,kA
H
SR,kdSR,i

∣∣2}.
The first term in the above expression is expanded as follows:

E{
∣∣q̂HSR,kqSR,i

∣∣2} = 4∑
ω=1

4∑
ψ=1

E{|
(
q̂
(ω)
SR,k

)H
q
(ψ)
SR,i|

2}

+
∑

ω1,ψ1, ω2,ψ2∈{1,..,4}
(ω1,ψ1) ̸=(ω2,ψ2)

E{((q̂(ω1)
SR,k)

Hq
(ψ1)
SR,i)((q̂

(ω2)
SR,k)

Hq
(ψ2)
SR,i)

H}.
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